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ABSTRACT

This paper gives a new proof of A. F. Timan’s approximation theorem. It
seems to be of considerable advantage that for a fixed n our polynomial G,(f)
is of degree £ n-1 and depends on n values of f(x) only.

1. Introduction

Let f be a continuous function on [~ 1, + 1] with the modulus of continuity
o (h). It was discovered by Nikol’skii [4] that the quality of approximation by
polynomials increases toward the end points of the interval. Later, Timan [5]
obtained the following result.

THEOREM 1. There exists a constant M such that for each function
feC[—1, + 1] there is a sequence of polynomials P,(x) for which

(1.1) lfx) - P)| < M[co (‘/1 — x2 ) to (%)]

By showing (1.1), we give a new proof of A.F. Timan’s theorem. It seems to
be of considerable advantage that for a fixed n our polynomial G,(f) (see below)
is of degree < n — 1 and depends on n values of f(x) only. Compare also with

known results [1] and [5].
Let

_cos(2k ~ Dr

(1.2 Xin ™

= ¢cos O, k=12:n

and the fundamental polynomials of Lagrange interpolation with respect to (1.2)
be given by (x = cos 6):
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— 1)**1cos nfsin G,

n (cos @ — cos 6,,) k=1,2n

(1.3) (0 = £

In 1941 G. Griinwald [2] defined a sequence of algebraic polynomials of
degree £ n—1 in x by

14 GG = fCeu) Aul®)
where
(1.5) 24,,(0) = 1, (6 + -2-’:7) +1, (e - 5’;—)

Moreover he proved that if feC [— 1, + 1] then lim,,, G,[f,0] = f(cos6)
and the convergence is uniform in [— 1, + 1].
The object of this paper is to prove the following theorem.

THEOREM 2. Let feC[—1,+ 1] and we denote by w (9) its modulus of
continuity. Then (x = cosf) we have

(1.6) |G,[£,6] - f(cos6)| = O [w (\/1—:—;‘?) + w(n—lz) ]

2. Preliminaries

Throughout this section we assume that (j — )z /n < @ < jr /n. Moreover, j,
k, and i are related by the relation j+ 1<k =j+iSnorl sk =j—i<j—1.
The following inequalities are easy to verify.

2.1) Slng < sind 5 + sin (k ;nl)n s sing + sin%

e sn%gsind+sindT,  oos% g 2c0s(+ EE)
23) cos gs 2cos (g + :_‘)

(2.9 lsin (’;: g)l > i2; 1’ 'sin ((k ;nl)n _2_), > i2; 1

(2.5) cos ((k -;nl)n +
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G lm 05 cos(E249) 5
(2.6) cos( ym +4 =cos(4n +4 SxfOSOSZ and

k—-Dn 6 kr 0) 1. =
: 21> ) ecifi<
.7 cos ( yp +4)_cos(4n +4 =51f 3 £0<Lm and

(2.8) sing—+ sin —’;—;ﬁ 2 sin g+ sin (k ;nl)n = i ; 1, 00 < _1:2_
2.9 sing + sin _;‘nf_ 2 sin g + sin (k ;nl)n = \/2, fz— L0
From (1.5) we have another representation of
(- 1)* sin6,sinnBsin8sin -21;1—
0 wo = 4n (sin2 kn _ sinzg) (sin2 Ge=Drm _ sinzé—)).
2n 2 2n 2

Moreover we need

(sinz (ktDr e (K 21)”)Ak(o) sin -y, 1(0)

(2.11) A0) + Ai44(0) =

sin? (k+ Dn — sin? g $in By,
2n 2
sin? (k+ Dz sin? (k— Dz
@2.12) 2n 2n < _2_1:__
. sinz (X DT —sinzg T
2n 2
3. Estimates

The following estimates of A,(6) are needed for the proof of Theorem 2.

Lemma 1. If(j-Drn<8<jn/n, letting j+1Sk=j+i<nor 15k
=j—~i<j—1, then we have:

3.1) |4(®)| =0y if k =j—1,j,0rj+1,
32) |4®)] s 5

Sansin 0
(3.3) |440)] = ——,
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Snnsin6,
i

(€X)) |4:0)| =

25n?sin Gsin 6,
—

(3.9) |440)| <

Proor. For (3.1) see [2]. (3.2) follows from (2.10), (2.1)(24). If 056 <=2
then (3.3) follows from (2.10), (2.2), (2.4), (2.6), and (2.8). If #/2 £ 0 < =, then
(3.3) follows from (2.10), (2.4), (2.5), (2.7), and (2.9). Proofs for (3.4) and (3.5) are
based on the same lines.

LEMMA 2. Let(j— xn/n <68 < jn/n. Then we have:

5 2
(3.6) | 4,0)+ 4;4.10)| = —i’;-ifj+1<k=j+i<n,
5n% C.
(3.7 | 4,(0) + A= 1(6)]| = wifl<k=j-i<j-1

Also we have

360nsin 8 .. -
(3.8) | 46) + A1, (0)| = ——jtl<k=j+i<n,
360 nsin 8
(3.9) | 4:(0) + 4,-,(6)| = ———i4——if1<k=j—i<j—1.

Proor. (3.6) follows immediately from (2.11), (2.13), (3.2), and (3.4). (3.8)is a
simple consequence of (2.11), (3.3), and (3.5). Proof of (3.7) and (3.9) are similar
so we omit the details.

It is easy to verify that j/n <sin @< jn/n for j=2,3,---,[n/2], (n=))/n
Ssin0=(n—j)n/n for j=[n/2] +1,--,n— 1. On using these results and
known properties of modulus of continuity we have

n
3]

i 2i sin 8 ,
“’(ﬁ) =50 (T) J
. n
23]

w(%) < 2i » (sm())
nt/ =n-—j n

With the help of these results we recast the two lemmas of O. Kis [3] as they are
needed in the proof.

IA

LemMa 3 (O. Kis [3]). Let (j — 1)r/n <8 < jn[n. Then we have

() - f®)] = 0 [m(ﬂ‘;_e) +w(;113)] ifk =
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i2 (sin@ . n
-0 [fo(%)] wis3

22 . b
=0[———co' . (S—m—o) ifj > | 2|
n—j n

LemMa 4 (O. Kis [3]). Let j~1)n/n< 6 < jrn[n. Then

i (sin 6\] s o [ B]
0= fa0] =0 [0 (59| wi= 7]

ol ] wo[3)

Similar estimates hold for | f(x,) ~ f(x;-y)|-

PROOF OF THEOREM 2. By (1.5) and the definition of 6 we have

G,L£,0] ~ f(cos6) T (f (xi) — f(x)) 4,(6)

I

k=1
j~2 n

= E+u1_1+u1+u1+1+ z .
k=1 k=j+2

Of course, if j = 1 or 2 (or n—1, n) the first (or last) summation will not appear.
Estimates of X% and X ., are similar.
By (3.10) and (3.1) we have

sl = 1120 =] | 46®)] =0[ (57) + o 7) |

n

Similarly the estimates of u;_; and u,,, can be computed. Let us now estimate

T

 (fx) = f(x))A0).
k=j+2

Here we use extremely useful ideas of O. Kis [3], and group the summands in
pairs. If we set

By(0) = (f(xi) — f(x)) 4(0) + (f(Xi+1) — f(x)) Ai+4(6)
= (4(0) + Ax+1(0)) (f(x) = f(X)) + (f (X 1) = F(X)) Ap+1(0)
then we obtain T= X, ;B;,(0) + [4.0) (f(x,) —f(x))] where
I={i:i<n—-j, i=24,6,-}

The last term written in the bracket is to signify that it appears only if n —j is
even, Let 0 < 0 < =/2; then we express
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lejH(o)l:iszj: |Bj+i(0) '*“3: lBj-H(e) I,

and use appropriate parts of Lemmas 1,2,3, and 4. Similarly, in the case n/2 £ 0
< @, We express
ZIB_]-H(O)I = X IBj+i(0)l + X IBJH(H)I
ign-j ign=-j

and use once again Lemmas 1,2,3, and 4 which gives the desired result. This proves

the theorem.
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